Introduction
As usual we denote by F n the nth Fibonacci number, de ned recursively by F 0 = 0; F 1 = 1 and F n = F n?1 + F n?2 for all n 2.
The decimal expansion of the reciprocal of the eleventh Fibonacci number F 11 = 89 has a remarkable shape: its 6 leading digits are the rst 6 terms of the Fibonacci sequence, viz. 1 89 = 0:011235955 : : :
Looking more closely, it becomes apparent that the relation goes even beyond the 6th decimal place: 1 89 = 0 10 1 + 1 10 2 + 1 10 3 + 2 10 4 + 3 10 5 + 5 10 6 + 8 10 7 + 13 10 8 + 21 10 9 + 34 10 10 + 55 10 11 + : : : seems even to hold, and it is not di cult to show that indeed 1 89 = 1 X k=0 F k 10 k+1 :
This rises the question, posed to me by Ray Steiner, whether a similar phenomenon occurs for expansions in the base y number system of reciprocals of Fibonacci numbers for values of y other than 10. A quick inspection shows that it happens also for y = 2; 3; 8, viz. It is the purpose of this note to show that these are all the Fibonacci numbers with this property, and thus that F 11 = 89 is the largest one. Using the fact that 1 X k=0 F k y k+1 = 1 y 2 ? y ? 1 (the proof of which is left as an exercise for the reader), we see that the problem is equivalent to solving the diophantine equation F n = y 2 ? y ? 1 in n; y 2 Zwith n 0; y 2. The main result is therefore that the largest solution of this equation is F 11 = 10 2 ? 10 ? 1.
Using the well known relation L 2 n ? 5F 2 n = (?1) n 4 (where L n is the nth Lucas number, de ned recursively by L 0 = 2; L 1 = 1 and L n = L n?1 +L n?2 for all n 2) we see that this main result follows at once from Theorem 1 below. (1) in x; y 2 Zwith x 0; y 1, has only the solutions (x; y) = (1; 1), (3; 1), (1; 2), (3; 2), (11; 3), (123; 8), (199; 10).
Since y 2 ? y ? 1 is symmetric about y = 1 2 , the restriction y 1 implies no loss of generality.
Note that equation (1) de nes two elliptic curves, so that the problem can be restated as nding the integral points on these curves. The elliptic curve given by x 2 ? 5(y 2 ? y ? 1) 2 = 4 has rank 1, and the elliptic curve given by x 2 ? 5(y 2 ? y ? 1) 2 = ?4 has rank 2.
Deriving the rst Thue equation
Equation (1) The rst equation implies v 4u (mod 13), and then we obtain by the rst equation that 13jA, and by the second equation that 13jB, which contradicts the rst equation of the system (2).
The second case, (b; c; e) = (0; 1; 1), corresponding to (47 + 6 p 61) in the right hand side of (4), leads to 13A + 33B = 47u 2 + 732uv + 2867v 2 ; 2B = 6u 2 + 94uv + 366v 2 :
We infer A = ?4u 2 ? 63uv ? 244v 2 ; B = 3u 2 + 47uv + 183v 2 :
We substitute this into the rst equation of the system (2), and thus we obtain 59u 4 + 1856u 3 v + 21794u 2 v 2 + 113216uv 3 + 219539v 4 = ?16:
On putting E = v; F = u+7v 2 (note that u + 7v is even) we nd the Thue equation
In a following Section we will show that this equation has only the solutions (E; F) = (1; 0), (1; ?1), (3; ?2). They lead to respectively (u; v) = (7; ?1), (9; ?1), (25; ?3), and further to (A; B) = (1; 1), (1; ?3), (29; ?3), corresponding to y = 2; 3; 10 respectively.
3 Deriving the second Thue equation
Equation (1) The rst equation implies u v (mod 5). Then the rst equation again implies 5jA, and the second equation implies 5jB, contradicting the rst equation of (6).
In the case (b; c; e) = (1; 0; 0), corresponding to 1+ p 21 2 in the right hand side of (8), we nd 20A + 32B = u 2 + 42uv + 21v 2 ; 12B = u 2 + 2uv + 21v 2 :
We infer 12A = ?u 2 + 22uv ? 21v 2 ; 12B = u 2 + 2uv + 21v 2 : Since u and v have the same parity, we may write v = u+2w. Substituting the above expressions for A and B into the rst equation of (6), we obtain 45u 4 + 330u 3 w + 895u 2 w 2 + 1050uw 3 + 441w 4 = 36; which clearly is impossible (mod 2) if at least one of u; w is odd, and (mod 16) is both u; w are even.
In the case (b; c; e) = (0; 1; 1), corresponding to ?4 ? p 21 in the right hand side of (8) The rst equation implies u v (mod 5). Then the rst equation again implies 5jA, and the second equation implies 5jB, contradicting the rst equation of (6).
In the case (b; c; e) = (1; 0; ?1), corresponding to ?4 + p 21 in the right hand side of (8) 
Reasoning (mod 4) we see that the right hand side cannot be ?9. In a following Section we will show that this Thue equation has only the solutions (E; F) = (1; 0), (1; ?1), (1; 2). They lead respectively to (u; v) = (5; 1), (3; 1), (9; 1), and further to (A; B) = (1; 1), (1; ?1), (11; ?5).
Finally we nd respectively y = 1; 2 and 8.
Solving the rst Thue equation
In this section we prove the following result. This is exactly the announced result on equation We treat equation (11) By the methods of TW] (we omit details) we found, subject to the condition jY j 4, that j j < 8:32280 10 5 exp(?0:869677A):
On the other hand, is a linear form in logarithms of algebraic numbers, which is nonzero. Hence transcendence theory provides us with a lower bound for its absolute value, namely we have (see BW], again we omit details), with the condition that B 3, that j j > exp(?8:03945 10 15 log B):
Combining upper and lower bound, and noting that B A, we nd B < 3:74049 10 17 :
We At rst we take C = 10 40 , which is somewhat larger than the square of the upper bound 3:74049 10 17 for B. For each of the 2 lattices we computed a reduced basis, which enables us to compute a lower bound for the distance from each of the points y to the corresponding lattice, i.e.`( ?; y) = min We combine this with (12), and obtain B A 72.
We repeat the reduction procedure with C = 10 8 . We found in all cases`(?; y) > 5105:14, leading as above to j j > 4:95963 10 ?5 ;
where we used B 72. Combining this with (12) leads to A 27.
Notice that the above reduction is valid only under the conditions B 3 and jY j 4. The solutions with A 27, B < 3 or jY j < 4 are very easy to nd. In fact, from the Siegel identity we easily see that we can nd a from b; c, namely by noting that 3 = 4 = ?1 1 we nd 
:
We checked this for all jbj;jcj 30, and found only the solutions (a; b; c) = (0; 0; 0), (?3; ?2;2), (?9; ?4;2), leading respectively to (X; Y ) = (1; 0); (1; ?1);(3;?2).
This completes the proof of Theorem 2.
5 Solving the second Thue equation
In this section we prove the following result. Notice that the announced result on equation (9) is equivalent to this, because equation (9) 
has only the solutions (X; Y ) = (1; 0), (1; 1).
2 . This is a non-real quadratic eld extension of Q( p 5 At rst we take C = 10 40 , and we computed a reduced basis of the lattice. We combine this with (15), and obtain B A 28. This bound is already so good that we do not perform a second reduction.
Notice that the above reduction is valid only under the conditions B 3 and jY j 3. The solutions with A 28, B < 3 or jY j < 3 are very easy to nd. In fact, from the Siegel identity we easily see that we can nd a from b, namely by noting that 3 = 4 = ?1 1 we nd This completes the proof of Theorem 3.
